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Lecture I. Introduction to the Brownian logs- soups
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• Brownian loop-soups were introduced by Lawler-Werner

I LW04J
• Markovian loops by Symauzik [Sym 68]

1. Random walk loop -soup .
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Randomwalk loops were defined by Lawler-Ferreras [511--07]

and were proved to converge to Brownian loops .

• A measure Ñ on rooted loops pieces = l2%
• pi induces a measure µ on unroofed loops.

• most often fell) = czdj
- let

• if l is J times the same loop, then

3×1-7Mill = "d⑤#→
non - existing in continuous time.

Random walk loop-soup. A collection P of loops which
is a Poisson Point Process CPPPJ with intensity cµ,
where es o is called the intensity of the loop-soup .
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For D C-Zd
,
let µ, be µ restricted to the loops

that stay entirely in D. Let to be the collection

of loops 8 Et sat 8C D .

Then P☐ is a PPP

with intensity ellison
This is called the • restriction property .
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In dim =2 . Brownian motion satisfies conformal invariance
by Lévy ILEv48]

•

Be
f- ,→conformal . :

locally scaling+ rotation .

f- CBD has the same law as a BM in Dz stopped

upon existing Dz, modulo timereparametriz-atons-4-f.tlfipd.us/Zdulbylto)
.



2D Brownian loop -soup by Lawler-Werner is
conceived to satisfy .

• Restriction . D
, c- Dz , Tpz restricted to

the loops
in Pi is TDs

.

• conformal invariance: f- a D, → Da conformal.
f- CPD

,
) ¥ PDZ

.

2. Definition of Brownian loop -soups CZDJ.

2. 1
.

Brownian excursions
.
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Let µ
#
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, wit) be the prob•z%w

measure of a Brownian bridge
from 2- to w of time length t .

µ it ,w)=J°z÷t exp C-HIII)µ# it,wit)dt.
0

Tryin density
• infinite mass near +=D

For 2- = W ,
we get a measure on rooted loops

pick ⇒ = f.
•

¥- µ
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• infinite mass near t=o, 0.



For D E G , Z , WED , let µ, CZ, w) be µc↳w)
restricted to Brownian paths contained in D.

By def { µ ☐
cz.ws } satisfies restriction .

If 2- f- W and 8D is not harmonically trivial then

I Mrs CZ, w) / = 2 G
☐
CZ
,
w)

where OG
,
CZ, • ) = fz C.) with o b. c.

Gin Lt, W ) =¥ heg↳¥
Gb (2-, 2-7=8 so 1µg Cat / =D

conformal invariance f- : ☐→ D
' conformal .

f- ° µ ☐
CZ, w ) = fly ,,, ( fct), f- Cws).

2. 2. The unroofed Brownian loops .

•B@0• Brownian measure on
uncooked loops:

µlooP=Ja¥ felt,⇒dz-J.cl?z-!-tzM#ct,2-.t7dtdZ.
Restriction . obvious from restriction of{9*2-3}

.

Conformal invariance: Exercise.



A Brownian loop -soup with intensity cso is

a PPP of intensity c. pioop.
• infinity many small loops

in the

neighborhood of every given point
→ dense .

• locally finite in any bounded domain
D. = finitely many big loops in D.





Lecture II. Commuting couplings .

1. Loop - soup
and CLE ( conformal loop ensemble)

CLE : IShe09] by Sheffield : A family of measures

depending on K c- (813
,
8 ]
,
cons I noted by SLEK

.

[ SW 123 by Sheffield and Werner using loop- soups
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We only look at the regime K C- [8/3,4] where the loops
are a. s . simple and disjoint .

A simple CLE in N is a random

collection -1 of non -nested
simple disjoint loops in 10.

0000
00°
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. weary finite .

-

HE>9

0① finitely many loops of diameter>k.

000 ⇒ countably many loops .

* conformably invariant , law



is invariant under all conformal maps to→ 10
⇒ we can define a CLE in any simply connected domainD.
*
. spatial Markov property : Fon any A sit . NIA

is still simply connected
, let A * be the unionof A

with all the filled loops in -1 that intersect A .
Then in each connected component of 1.01A-

*

,
we have

a loop ensemble which is distributed as old , and

is indep of A-* .

ESW 12]
.

these 3 axioms characterize Csinple) CLE

and identified them with the CLES in EShe09]
.

Let P be a Brownian loop -sap with intensity c > o.

We say two loops 8, , 82 are

38 •BÑgm}@Bw in the same cluster if there is a

finite chain of loops 8i~%~ . -York⑨ ⑧
⑧ •B⑨⑧ a

overtop .

@@⑥③ ISWID .

* If c > 1.
,
there is a.s. a unique

cluster in P ,

☒ - If Cecco, 17 ,
Ares there are a. s. infinitely many clusters

in P . The outer boundaries of the outermost clusters



in P are distributed as a CLEK
,

where

c. = C3k-8¥6
critical G- 1

←> 4=4 .

Proof idea , * locally finite : loop-soup is locally finite.
*

. conformal invariance is bmit in .

* . spatial Markov property of loop-soups.
* . Percolation : approximated Brownian loops by
random dyadic squares → c. c- Lois.

2. Loop - soup and Gaussian free field CGFF)
.

D. Let D8 be a discretization of D.

& A Cdiscrete) Green's function on Ds
CV
, E) is given by .

Gerry)=En[É1sxn=y3]
✗ n is a SRW on D8 started from R .

T is the first time Xn exists D8
.

A GFF h on D8 with 0 .

b.c. is a centered

Gaussian vector indexed by V with covariance

E- [ harshly) ] = G CKY) .



Lemma . Let W be a real positive vector indexed

by V. Then ☒ [expfz-vwcnsht.FI]=T÷
.

where Gw = (w + G-1)
→
and W is the diagonal

matrix with entries were, ni = With for REV .

GFF him D with .

0 b. c. is a distribution in D .

J
, huffy f- cry doe . is a centered Gaussian.

doesn't exist . with variance

↳ fun fly) Gcuiy > Indy .

The continuous GFF does not have pointwise value

É Spin
,↳
hcnd.dk. diverges as E→o.

The square of the AFF is a distribution :b?

:P :(f) = hime→o¥z[ hlBLKEI-I-lhlBK.si
fcnddn

.



simulation of CLEq by David Wilson



2.2 . Occupation time field of the loop -soup
-
so morphism theorem

Discrete
g-
•

o_O

4¢.

at each vertex
,
it spends an exp time

with parameter 1 .

We can define an Cnnrooted) loop measure fam
Lemmon

,

µ Is
- exp C- I won Lin))] = hey Ldete+%-w )

.NEV

where LCN) is the time that a loop spends of Je
.

Occupation time field of discrete loop -soup
at tititensity

Isomorphisms
= hY2 . Le Jan E LJ 12]

.

0



3. GFF / CLE, coupling by Miller - Sheffield .

Let h be a AFF in 10 .

h uniquely determines a set 1

0 00 of loops . sat .

000

☐ got
* HOCH . is a AFF with

b. c. -12A
. ( A=T⇒

* h / Ocr) 's are indep for
diff 8's .

A turns out to be clear
.

critical cc=s) loop -coop
Sheffield-Werner

CLE
,

Le Jan
Miller -Sheffield.

GFF

Theorem EQW 193.2015 The three couplings commute.





LectureII. Decomposition of B. loop -soap clusters
A B. loop-soup c c- CQ 1J

•⑨ ⑧ @£3biz ⑧
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pBEqg@LetP-C8j.j
c- J) be the collection of outerboundaries

of outermost clusters .

Let Oj be the domain
encircled by Tj . Let Tj be a conformal map from
Oj onto IV.

Theorem TQW 195015 Conditionally on P ,
A. NOT

for j c- J are in dep of each other . Yj LA noj ) .

is invariant under all conformal maps N→N and

is indep of P.
In Oj can be decomposed into two (conditionally)
in dep parks =D a collection of loops in Oj that



touch Tj
② a Brownian loop -sap with intensity

c. in Oj
Proof = . spatial Markov property and conformal invariance

of the loop - soup .

If a- 1 . The trace of ① is distributed as

the trace of a PPP of Brownian excursions with

intensity Yq in Oj away from the boundary .

%÷¥÷•

B. gMgr•• ¥38 %
*→

* each loop bounces on Jj infinitely many times
←> infinitely many small excursions.

*
. PPP →

"

in dep
"

excursions
. specific to G- 1 .

Proof idea , coupling. loop-soup - CLE
¢

⇐
occupation T
\

G.Ff
/



0 Og
h / Oj is a GFF with b.c. ECJJ) 2A

win

C- f-1,13
.

66
0

Tloj = Lhloj 512
''

0°
7=1:(htu}:

Lemnos (Sznitman [§zn 133) In D
, h is a 0 b.c. GFF

: h' : + zuh + ut
z

= I :b! + Tana

where Tkñ is the
occap time of a PPP of

Brownian excursions with intensity ku!

T / Oj = T loop - say,
in Oj 1- TPPP of BE in Oj

muy F-
② ①

⇒ ocap time field of the collection of loops in Oj
that touch the boundary = •cop time of PPP of B.E inOj
⇒ their trace have the same law .

EQW 183 The law of a point process of B.E is determined
by the law of its trace.

QI
.

What about ceca 2) ?



[Qia 193 For all c Eco, I]
,
the boundary-touching

loops satisfy a certain restriction property with parameter
d.

•*

*÷÷* ¥BABYB•••••%•••:
CE L ' 4115 , I]

CECO, 14/15]

The greater c is ,
" lens

"

points are on the boundary
of a cluster .
QI . For c= 1

, given the excursions , how
to hook them

back into loops ? Any randomness involved ?

[Wer 16]
.
Resamp long property in the

discrete for
the critical loop - soup .

☐¥☐ 00:00
QI

.
Are there double points on the boundariesof

clusters in the B. loop- soap ?



Multiple points in general :
* a given 2- c-N is a.S not untied by any loop.

•sprang
* . The union of loops in P is dare and has din 2

.

* The set of n - tuple points have dim 2 Etay 66J .

Multiple points on cluster boundaries .

* . The H
.
dim of cluster boundaries.

s + 14g > 4/3
.

mum

* 41s is the dim of the Brownian frontier .

popoff
Mandebrot conjecture.
proved by [LSW Ola] [Lswol b).

* Most points on the body of a chute do not belong to
any loop .

* . There exit points on a drier body that belong
to at least one loop .

* . No easy answer for 03 .



For the Brownian motion
,
the dimension of double

points on the frontier is ftp.T#-LkMio] .
computed wing Brownian disconnection exponent.

Ket PF be the prob thatBpd B
'

-19 Tpb v . . . U B
"

[0,1-2]

•

B•⑧ÑÉ R does not disconnect o from9

Then pfss.pt . pns¥ Ras >s .

Eg9pY_ Is - yens .
conjectured by IDK 8D

computed by LSW wing SLE.

☒ 2- yea ) ☒ 2-got
urns



Generalized disconnection exponent [Qiazt?

%cp)=÷g[ Epic -E)2-44-07

using radial hypergeometric SLED .
[Qia 21 , section 1.4]

.
clarification

IGLQJ 21-1

2- Yal2) 2- Yc Ca) .
'

decreasing in c.

.

dim double points In
.


